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ABSTRACT
The generalized general-relativistic magnetohydrodynamic (generalized GRMHD) equations have been
used to study specific relativistic-plasmas phenomena, such as relativistic magnetic reconnection or
wave propagation modified by non-ideal MHD effects. However, the Θ term in the generalized Ohm
law, which expresses the energy exchange between two fluids composing a plasma, has yet to be
determined in these equations. In this paper, we determine the Θ term based on the generalized
relativistic Ohm law itself. This provides closure of the generalized GRMHD equations, yielding a
closed system of the equations of relativistic plasma. According to this system of equations, we reveal
the characteristic scales of non-ideal MHD phenomena and clarify the applicable condition of the ideal
GRMHD equations. We evaluate the characteristic scales of the non-ideal MHD phenomena in the
M87* plasma using the Event Horizon Telescope (EHT) observational data.
Keywords: black hole physics, magnetic fields, plasmas, general relativity, methods: analytical, galax-
ies: active, galaxies: nuclei
1. INTRODUCTION
The observation of the supermassive black-hole shadow at the center of the giant elliptical galaxy M87 with impress-
ible images by the Event Horizon Telescope (EHT) Collaboration (EHT Collaboration 2019a) has brought us into a
new era of black-hole plasma physics. To extract detailed information concerning the dynamics of the plasma, the
black hole’s gravitational field, and the black hole itself, it is necessary to develop fully general-relativistic models of
the accretion flow, associated winds and relativistic jets, as well as the emission properties of the plasmas. The most
popular approach to modeling dynamic relativistic sources is known as the “ideal general relativistic magnetohydro-
dynamic (GRMHD) approximation”. Over the last past few decades, a number of ideal GRMHD codes have been
developed and applied to a large variety of astrophysical scenarios (Koide et al. 1998, 1999, 2000, 2002; Koide 2003,
2004; Koide et al. 2006; Gammie et al. 2003; McKinney 2006; Del Zanna 2007; McKinney 2009; McKinney et al. 2013;
Radice & Rezzolla 2013). The EHT team also found that the images produced by GRMHD simulations with general-
relativistic ray-tracing calculations (EHT Collaboration 2019b; Porth et al. 2019) are consistent with the asymmetric
ring feature seen in the EHT data. Comparing the GRMHD simulations and the EHT images, the EHT Collaboration
team concluded that the brightness asymmetry in the ring can be explained by the relativistic beaming of the emission
from plasma rotating close to the speed of light around black hole spinning clockwise (EHT Collaboration 2019b).
In these ideal GRMHD simulations, both the finite electrically resistive effect, as well as a number of plasma ef-
fects, such as the Hall effect, thermo-electromotive force, and electron inertia, are neglected. These neglected effects
may modify the dynamics of the plasma and the magnetic field in processes like magnetic reconnection. Actually,
Acciari et al. (2009) presented simultaneous radio and γ-ray observations of M87 and showed that radio knots were
ejected from the core of the galaxy where the TeV γ-ray flare occurred. This knot may be recognized by the plas-
moids formed by the magnetic reconnection like coronal-mass ejection from the sun. Hirota et al. (2013, 2015) and
Comisso & Asenjo (2014) showed that electron inertia causes collisionless magnetic reconnection.
To investigate the specific properties of relativistic plasmas with non-ideal MHD effects, we must use generalized
GRMHD, including a generalized relativistic version of Ohm law. The generalized GRMHD equations were introduced
on the basis of the two-fluid approximation of plasma in the Kerr metric in a pioneering study by Khanna (1998).
More generalized equations from the general-relativistic Vlasov–Boltzmann equation in time-varying space-time were
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formulated by Meier (2004). Koide (2008) introduced some peculiar quantity-average definitions to derive the general-
ized special-relativistic MHD equations for pair plasma from the relativistic two–fluid equations without any additional
approximations. Koide (2009) extended these generalized special-relativistic MHD equations for pair plasma to any
two-component plasma, including electron–ion (normal) plasma. The general-relativistic version of generalized MHD
for any kind of plasma, including pair and normal plasmas, was given by Koide (2010). Recently, non-ideal MHD
effects (e.g., related to relativistic magnetic reconnection and wave propagation) have been analyzed by a number of
authors using the generalized relativistic MHD equations (Asenjo & Comisso 2015; Asenjo et al. 2015; Kawazura 2017;
Kawazura et al. 2017; Yang & Wang 2016, 2018; Yang 2017, 2019a,b,c; Liu et al. 2018a, 2019). The equations of the
generalized relativistic MHD are identical to the relativistic equations of the two-fluid approximation with specific
averages of physical variables. However, the Θ term in the generalized Ohm law was not determined in the previous
papers (Koide 2008, 2009, 2010). This Θ term describes energy transport from the negatively charged fluid to the
positively charged one. To determine the Θ term, Koide (2009) assumed that the relative velocity of the two fluids is
not so large that the frictional force is proportional to the relative velocity and obtained
Θ =
θ
2eρ′e
(ρ′2e + JνJ
ν)
{
∆µ
[
n2 −∆µnρ′ee − µ
(
ρ′e
e
)2]
+ n
ρ′e
e
}
(
n+ ∆µ2
ρ′e
e
)[
n2 −∆µnρ′ee − µ
(
ρ′e
e
)2] , (1)
where the definitions of variables e, µ, ∆µ, n, Jµ, and ρ′e are shown in Section 2 of this paper. Unfortunately, the Θ
term cannot be determined via Equation (1) because it contains the unknown parameter, θ (0 ≤ θ ≤ 1).
In this paper, we determine the Θ term in the generalized Ohm law using the covariant form of the generalized
relativistic Ohm law itself. Previously, to determine the Θ term, we had considered a number of approaches, including
the relativistic Vlasov–Boltzmann equation and the collisional two-fluid approximation; however, we finally found that
such efforts are not necessary to determine the Θ term. Using this term, we obtain a explicitly closed system of the
generalized GRMHD equations.
Using the closed system of generalized GRMHD equations, we determine the characteristic scales at which non-ideal
MHD effects, such as the resistive electromotive-force effect, the Hall effect, the thermo-electromotive force, and the
current-carrier (electrons, in the normal plasma case) inertia effect become significant in the generalized Ohm law. For
this purpose, we introduce some plasma parameters from linear analysis of special-relativistic plasma waves.
Using the parameters of plasmas obtained from observation by the EHT Collaboration, we can evaluate the char-
acteristic scales of the non-ideal MHD phenomena of the plasmas around M87*. The evaluated scales show that in
global phenomena at the scale of the horizon radius, the additional terms of the Hall effect, thermo-electromotive
force, and electron inertia including the electric resistivity are negligible. Thus, the ideal GRMHD is regarded as a
good approximation of the global dynamics of the plasmas around M87*.
In Section 2, we review the generalized GRMHD equations based on the general-relativistic two-fluid equations. We
derive the Θ term of the generalized Ohm law by itself. In Section 3, we briefly show the 3 + 1 formalism of the
generalized GRMHD equations with the normal observer frame. In Section 4, we introduce some plasma parameters
obtained by linear analysis of relativistic plasma waves and show the characteristic scales of the non-ideal MHD
phenomena of the relativistic plasmas. We evaluate the significance of the non-ideal MHD terms of the generalized
GRMHD equations in Section 5 using the plasma parameters introduced in Section 4 and reveal the characteristic
scales of the non-ideal MHD effects. We apply these characteristic scales to the plasma around the black hole of M87*
using observational data from the EHT Collaboration (EHT Collaboration 2019b) in the last part of Section 4. The
final section presents a summary of this paper.
2. GENERALIZED GRMHD EQUATIONS
2.1. Review of the generalized GRMHD equations
We review the generalized GRMHD equations based on the general relativistic two-fluid equations (Koide 2010).
For simplicity, we assumed that the plasma is composed of two fluids, where one fluid consists of positively charged
particles with mass m+ and electric charge e, and the other fluid consists of negatively charged particles with mass
m− and electric charge −e. We take no account of radiation cooling effect, plasma viscosity, and self-gravity in order
to study the fundamentals of interaction between magnetic fields and resistive plasmas around the rotating black
holes. We also assumed that the plasmas are heated only by Ohmic heating and disregarded nuclear reactions, pair
creation, and annihilation. The space-time, (x0, x1, x2, x3) = (t, x1, x2, x3), is characterized by a metric gµν , where
a line element is given by ds2 = gµνdx
µdxν . Here, we use units in which the speed of light, the dielectric constant,
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and the magnetic permeability in vacuum all are unity: c = 1, ǫ0 = 1, µ0 = 1. When we consider a black hole with
the mass MBH, we use the unit system such as GMBH = 1, where G is the gravitational constant. The relativistic
equations of the two fluids and the Maxwell equations are
∇ν(n±Uν±)=0, (2)
∇ν(h±Uµ±Uν±)=−∇µp± ± en±gµσUν±Fσν ±Rµ, (3)
∇ν ∗Fµν = 0 , ∇νFµν = Jµ, (4)
where variables with subscripts, plus/minus (±), are those of the fluid of positively/negatively charged particles, n±
is the proper particle number density, p± is the proper pressure, h± is the relativistic enthalpy density
1, Uµ± is the
4-velocity, ∇µ is the covariant derivative, Fµν = ∇µAν −∇νAµ is the electromagnetic field tensor (Aµ is the 4-vector
potential), ∗Fµν is the dual tensor of Fµν , R
µ is the frictional 4-force density between the two fluids, and Jµ is the
4-current density. We will often write a set of the spatial components of the 4-vector using a bold italic font, e.g.,
U± = (U
1
±, U
2
±, U
3
±), J = (J
1, J2, J3), R = (R1, R2, R3). We further define the Lorentz factor γ± = U
0
±, the three-
velocity V i± = U
i
±/γ±, the electric field Ei = F
0i, the magnetic flux density
∑3
k=1 ǫ
ijkBk = F
ij (ǫijk is the Levi–Civita
tensor), and the electric charge density ρe = J
0. Here, the alphabetic index (i, j, k) runs from 1 to 3.
To derive one-fluid equations of the plasma, we define the average and difference variables as,
ρ=m+n+γ
′
+ +m−n−γ
′
−, n =
ρ
m
, (5)
p=p+ + p−, ∆p = p+ − p−, (6)
Uµ=
1
ρ
(m+n+U
µ
+ +m−n−U
µ
−), (7)
Jµ= e(n+U
µ
+ − n−Uµ−), (8)
where γ′± is the Lorentz factor of the two fluids observed by the local center-of-mass frame of the plasma S
′ and
m = m+ +m−. Hereafter, a prime is used to denote the variables of the center-of-mass frame. Using these variables,
we write
n±U
µ
± =
1
m
(
ρUµ ± m∓
e
Jµ
)
. (9)
We also define the average and difference variables with respect to the enthalpy density as
h=n2
(
h+
n2+
+
h−
n2−
)
, (10)
∆h=
n2
4µ
(
h+
n2+
2m−
m
− h−
n2−
2m+
m
)
=
mn2
2
(
h+
m+n2+
− h−
m−n2−
)
, (11)
h‡=
n2
4µ
[
h+
n2+
(
2m−
m
)2
+
h−
n2−
(
2m+
m
)2]
, (12)
∆h♯=−n
2
8µ
[
h+
n2+
(
2m−
m
)3
− h−
n2−
(
2m+
m
)3]
, (13)
where µ = m+m−/m
2 is the normalized reduced mass and ∆µ = (m+ −m−)/m is the normalized mass difference
of the positively and negatively charged particles. It is noted that we have a relation, µ = (1 −∆µ2)/4. We find the
following relations between the variables with respect to the enthalpy density,
h‡=h−∆µ∆h, (14)
∆h♯=∆µh− 1− 3µ
2µ
∆h. (15)
We introduce the electric resistivity η by
Ri
′
ne
= −ηJ i′ . (16)
1 The relativistic enthalpy includes the rest mass energy. In a case of perfect fluid gas with specific-heat ratio Γ±, it is given by
h± = m±n± + p±/(Γ± − 1) + p±.
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According to Koide (2008, 2009, 2010), we introduce the scalar Θ by
R0
′
ne
= ηρ′eΘ, (17)
where R0
′
represents density of power (energy per unit time) transported from the negatively charged fluid to the
positively charged fluid. Equations (16) and (17) yield
Rµ
ne
= −η[Jµ − ρ′e(1 + Θ)Uµ], (18)
where ρ′e is the charge density observed by the local center-of-mass frame of the two fluids S
′ and ρ′e = −UνJν . Using
the above variables, we have one-fluid equations from the two-fluid equations (2) and (3),
∇ν (ρUν) = 0, (19)
∇ν
[
hUµUν +
µh‡
(ne)2
JµJν +
∆h
2ne
(UµJν + JµUν)
]
= −∇µp+ JνFµν , (20)
µm
ne2
∇ν
[
h‡
nm
(UµJν + JµUν) +
∆h
2m
eUµUν − ∆h
♯
n2em
JµJν
]
=
1
2ne
∇µ(∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
)
Fµν − η(Jµ − ρ′e(1 + Θ)Uµ). (21)
Equation (19) is the equation of continuity and Equation (20) is the momentum equation. The second and third
terms in the bracket of the left-hand side of momentum equation (20) are recognized as the energy-stress tensor due
to current-carrier inertia (for example, electron in the case of the normal plasma). The left-hand side of Equation (21)
shows the inertia of current carrier. With respect to the left-hand side of Equation (21), we define a tensor of the
electric current
qµν =
h‡
nm
(UµJν + JµUν) +
e∆h
2m
UµUν − ∆h
♯
mn2e
JµJν . (22)
Recently, we noticed that the Θ term of Equation (21) is determined by Equation (21) itself as
ηρ′eΘ = −
∆µ
ne
UρJσFσρ +
1
2ne
Uσ∂σ(∆µp−∆p)− µm
ne2
Uσ∇ρqρσ. (23)
The derivation of Equation (23) is shown in the next subsection. It is noted that the first term of the right-hand side
in Equation (23) vanishes when the Hall effect is negligible, the second term vanishes when the thermo-electromotive
force is negligible, and the last term vanishes when the current-carrier inertia is negligible.
Using Equation (4) and an equation derived by Maxwell equations
(∇νFµσ)F νσ = 1
4
gµν∇ν(FκλFκλ),
we write the equation of motion (Equation (20)) by
∇νT µν = 0, (24)
where
T µν = pgµν + h
[
UµUν +
µh‡
(ne)2h
JµJν +
2µ∆h
neh
(UµJν + JµUν)
]
+ FµσF
νσ − 1
4
gµν(FκλFκλ). (25)
This equation corresponds to the conservation law of 4-momentum of plasma and the electromagnetic field in the
ideal GRMHD, for example, Equation (A2) in Appendix A of Koide et al. (2006). The newly additional terms in
the conservation law of 4-momentum are the energy-stress tensor due to current-carrier inertia, µh‡JµJν/(ne)2 and
2µ∆h(UµJν + JµUν)/(ne), in Equation (25). These additional terms express the non-MHD effects.
2.2. Derivation of the Θ term in the generalized Ohm law
We derive the Θ term in the generalized Ohm law (21) by Equation (21) itself. In the plasma rest frame S′, Equation
(21) yields
µm
ne2
∇ν′qν
′
µ′ =
1
2ne
∇µ′(∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
′
)
Fµ
′
ν′ − η[Jµ
′ − ρ′e(1 + Θ)Uµ
′
]. (26)
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When we take µ′ = 0 in the equations of the generalized Ohm law, we have
µm
ne2
∇ν′qν
′
0′ =
∆µ
ne
J i
′
Ei′ +
1
2ne
∂
∂t′
(∆µp−∆p)− ηρ′eΘ. (27)
Equation (27) yields Equation (23) with identities, J i
′
Ei′ = J
νUµFνµ,
∂
∂t′
= Uµ∂µ, and ∇ν′qν′0′ = Uµ∇νqνµ. The
derivation of Equation (23) clearly shows that the first, second, and last terms of the right-hand side of equation (23)
vanish when the Hall effect, thermo-electromotive force, and the current-carrier inertia are negligible, respectively. We
express the form of the Θ term in several cases as follows.
• Standard Ohm law: When the Hall effect, thermo-electromotive force, and current-carrier inertia are negligible,
the Θ term vanishes and Equation (21) becomes the well-known standard relativistic Ohm law:
ηρ′eΘ = 0. (28)
• A case of Hall term only: When the electric resistivity, thermo-electromotive force, and current-carrier inertia
are negligible, the Θ term also vanishes because E′ · J ′ = 0:
ηρ′eΘ = 0. (29)
• Standard Ohm law with Hall term: When the thermo-electromotive force and current-carrier inertia are negligi-
ble, the Θ term is given by
ηρ′eΘ =
∆µ
ne
UµJνFνµ (30)
according to Equation (23).
• A case of negligible current-carrier inertia: When the thermo-electromotive force is significant while energy-stress
tensor of the 4-current density qµν is negligible, Θ term includes the time-derivative of plasma pressure:
ηρ′eΘ =
∆µ
ne
UµJνFνµ − Uµ∂µ(∆µp−∆p). (31)
• Generalized Ohm law with most general form: When the current-carrier inertia is significant, the energy-stress
tensor of 4-current density qµν is not negligible and the Θ term becomes complex. The term of qµν may be
negligible when the Hall effect and thermo-electromotive force are not negligible, while the terms of the Hall
effect and thermo-electromotive force are not negligible when the term of qµν is not negligible as discussed in
Section 5.
To reveal the physical meaning of the form of the Θ term given by Equation (23), we calculated the Θ term in a case
of iso-thermal two fluids and charge neutrality as, p± = n0T0, n+ = n− ≡ n0, ui′± 6= 0, ui
′
± 6= 0, γ+ = γ− = 1, where T0
is the temperature of the two fluids. We write Θ of this case by Θiso. To keep the temperature of the two fluids, we
have to distribute the same mount of the thermal energy released by the Joule heating to the two fluids. When the
kinetic energy of the positively/negatively charged fluid is released with the power density S+ and S−, respectively,
the energy density per unit time transported from the negatively charged fluid to the positively charged fluid is
R0
′
=
1
2
(S+ + S−)− m−
m+
(S+ + S−) =
1
2
∆µ(S+ + S−). (32)
As the Joule heating is given by S+ + S− = Ei′J
i′ , we obtain
ηρ′eΘiso =
R0
′
ne
=
∆µ
2ne
Ei′J
i′ =
1
2
∆µ
ne
JµUνFµν . (33)
Equation (33) is a half of ηρ′eΘ in Equation (23). This means the Hall effect with resistivity causes the temperature
difference between the positively charged fluid and the negatively charged fluid. In the case of a normal plasma, we find
ηρ′eΘ > ηρ
′
eΘiso because ∆µ ≈ 1, E′ · J ′ > 0 for Joule heating. Then, Joule heating causes the ion fluid temperature
higher than the electron temperature.
This also suggests that even in the resistive plasma positively charged fluid and the negatively charged fluid do not
exchange their thermal energy without the Hall effect, thermo-electromotive force, or current-carrier inertia effect.
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3. 3+1 FORMALISM
We derive a 3+1 formalism of the equations with “the normal observer frame” in this paper. The line element of
the displacement dxµ in the spacetime is represented by
ds2 = gµνdx
µdxν = −α2dt2 +
∑
i,j
γij(dx
i + βidt)(dxj + βjdt), (34)
where γij = gij , g0i = gijβ
j , and α =
(
−g00 +
∑
i,j gijβ
iβj
)1/2
=
(−g00 +∑i g0iβi)1/2.
We introduce a local inertia frame called the “normal observer frame”, (t˜, x1˜, x2˜, x3˜) as
ds2 = −dt˜2 + γijdxi˜dxj˜ (35)
where
dt˜ = αdt, dxi˜ = dxi + βidt. (36)
Here, we have g = det(gµν) = −α2γ = −α2det(γij). 2 The 4-velocity of the normal observer frame is Nµ =
(1/α,−βi/α), Nµ = (−α, 0, 0, 0). Denoting these components observed by the normal observer frame with tildes and
using equations in the footnote 2, we have
γL≡U 0˜ = αU0, vi˜ ≡ U
i˜
U 0˜
=
1
γ
U i −N iU
0
γ
, (37)
ǫ+ γρ≡T 0˜0˜ = α2T 00, P i˜ ≡ T i˜0˜ = αT 0i − α2N iT 00, (38)
T i˜j˜ =T ij − αN iT 0j − αN jT i0 + α2T 00, (39)
Ei˜≡Fi˜0˜ = −F0˜˜i =
1
α
Fi0 +
∑
j
N jFij ,
∑
k
ǫijkB
k˜ ≡ Fi˜j˜ = Fij , (40)
ρ˜e≡J 0˜ = αJ0, J i˜ = J i − αN iJ0. (41)
The relationship between the variables measured in the normal observer frame is similar to that of ideal special-
relativistic MHD but not identical (Koide et al. 1996).
The generalized GRMHD equations except for the Ohm law (4), (19), and (20) are written as,
1√−g
∂
∂xν
(√−gρUν) = 0, (42)
1√−g
∂
∂xν
(√−gT µν)+ ΓµσνT σν = 0, (43)
∂µFνλ + ∂νFλµ + ∂λFµν = 0, (44)
1√−g
∂
∂xν
(√−gFµν) = −Jν , (45)
where we used the following relations, ∇µaν = ∂µaν+Γνµσaσ for any 4-vector aµ, Γνµσ =
1
2
gνρ(−∂ρgµσ+∂µgρσ+∂σgµρ),
Γσµσ = ∂µ(ln
√−g), and Fµν = −Fνµ. With respect to the Ohm law (21), we have the following form,
µm
ne2
∇νqµν = µm
ne2
[
1√−g∂ν
(√−gqµν)+ Γµσνqσν
]
=
1
2ne
∇µ(∆µp−∆p) +
(
Uν − ∆µ
ne
Jν
)
Fµν − η[Jµ − ρ′e(1 + Θ)Uµ]. (46)
Using the normal observer variables, we obtain the following set of 3+1 formalism of the general GRMHD equations
from equations (42)–(45), and (46),
∂
∂t
(γLρ)=− 1√
γ
∂
∂xi
[
α
√
γγLρ(v
i˜ +N i)
]
, (47)
2 When we write any contravariant vector by aµ, according to Equation (36), the contravariant vector in the normal observer frame, aµ˜,
is given by a0˜ = αa0, ai˜ = ai + βia0 = ai − αN ia0. A covariant vector aµ˜ is a0˜ =
1
α
(a0 − β
iai) =
1
α
(a0 + αN
iai), ai˜ = ai. In the normal
observer frame xµ˜ we have a0˜ = −a0˜ and a
i˜ = γija
j˜
, where γijγjk = δki (δ
j
i is the Kronecker delta).
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∂
∂t
Pi˜=−
1√
γ
∂
∂xk
[α
√
γ(T k˜
i˜
+NkPi˜)]−
∂α
∂xi
e˜− ∂
∂xi
(αNk)Pk˜ +
α
2
∂γjk
∂xi
T j˜k˜, (48)
∂
∂t
e˜=− 1√
γ
∂
∂xi
[α
√
γ(P i˜ +N ie˜)]− ∂α
∂xi
P i˜ −
[
γjk
∂
∂xi
(αNk) +
1
2
αNk
∂
∂xk
γij
]
T i˜j˜ , (49)(
U ν˜ − ∆µ
ne
J ν˜
)
Fi˜ν˜ − η[J i˜ − ρ˜′e(1 + Θ)U i˜] +
1
2ne
∂
∂xi
(∆µp−∆p)
=
1
α
µm
ne2
[
∂
∂t
q0˜
i˜
+
1√
γ
∂
∂xk
[α
√
γ(qk˜
i˜
+Nkq0˜
i˜
)] +
∂
∂xi
(αNk)q0˜
k˜
− α
2
∂γjk
∂xi
T j˜k˜
]
, (50)
ηρ′eΘ=∆µJ
µ˜U ν˜Fµ˜ν˜ +
(
U 0˜
1
α
∂
∂t
+ U i˜
∂
∂xi
)
(∆µp−∆p) + µm
ne2
U ν˜
[
1√
γ
∂
∂xµ˜
(
√
γqµ˜ν˜ )−
1
2
∂γjk
∂xν
qj˜k˜
]
, (51)
∂
∂t
B i˜=−ǫijk ∂
∂xj
[
α(Ek˜ − ǫkpqNpBq˜)
]
, (52)
∂
∂t
E i˜+α(J i˜ + ρ˜eN
i) = ǫijk
∂
∂xj
[α(Bk˜ + ǫkmnN
mEn˜)], (53)
1√
γ
∂
∂xi
(
√
γB i˜) = 0 (54)
1√
γ
∂
∂xi
(
√
γE i˜) = ρ˜e. (55)
Here, we used formulae about covariant derivative of a symmetric tensor (A13) and (A16) in Appendix A. With
respect to Equation (51), we assumed
∂γjk
∂t
= 0 and used ∇µ˜qµ˜ν˜ =
1√
γ
∂
∂xµ˜
(
√
γqµ˜ν˜ ) −
1
2
∂γjk
∂xν
qj˜k˜, where
∂
∂x0˜
=
∂
∂t˜
=
1
α
∂
∂t
+ N i
∂
∂xi
and
∂
∂xi˜
=
∂
∂xi
. The terms with α express the gravitation and the time lapse. The terms with N i
express the frame dragging effect around a spinning black hole.
4. CHARACTERISTIC PARAMETERS OF RELATIVISTIC PLASMA INTRODUCED BY LINEAR ANALYSES
OF PLASMA WAVES
We newly proposed a closed system of generalized GRMHD equations (19)–(21) which are applicable not only for
electron-ion (normal) but also for pair plasmas in the previous section. In this section, we introduce the characteristic
parameters of relativistic plasma (ωp, ωc, uA, cs, λD, etc.). using the linear analyses of these equations concerning
various plasma waves and perturbations.
We investigate oscillations and waves propagating in a uniform, rest plasma and a uniform magnetic field in the flat
spacetime (α = 1 and N i = 0). For convenience, we use the 3-vector form like U = (U1, U2, U3), J = (J1, J2, J3),B =
(B1, B2, B3),E = (E1, E2, E3), q = (q01, q02, q03). In the flat spacetime, linearized equations of perturbations, ρ˜ =
ρ− ρ¯, p˜ = p− p¯, h˜ = h† − h¯, U˜ = U , B˜ = B − B¯, and E˜ = E are derived by Equation (47)–(54) as
∂
∂t
ρ˜ = −ρ¯∇ · U˜ , h¯ ∂
∂t
U˜ = −∇p˜+ J˜ × B¯, (56)
µ
h¯
q¯
∂
∂t
q˜ =
1
2q¯
∇(∆µp˜−∆p˜)+(U˜ −∆µK˜)× B¯ + E˜ − ηJ˜ , (57)
∇ · E˜ = ρ˜e, ∇ · B˜ = 0, (58)
∂
∂t
B˜ = −∇× E˜, J˜ + ∂
∂t
E˜ = ∇× B˜. (59)
These equations are closed with the equation of state (EoS), h = h(ρ, p) = ρHs(p/ρ). The adiabatic EoS for single-
component relativistic fluids, which are in thermal equilibrium, has been known, and is given by
h±
ρ±
=
K3(ρ±/p±)
K2(ρ±/p±)
≡ Hs
(
p±
ρ±
)
(60)
(Chandrasekhar 1938; Synge 1957). Here, K2 and K3 are the modified Bessel functions of the second kind of order
two and three, respectively. When we consider the adiabatic one-component fluid in the rest frame, the adiabatic
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condition3 yields,
n˜±
n¯±
=
h˜± − p˜±
h¯±
. (61)
From equation (60), we find
ρ¯±
p¯±
p˜±
ρ˜±
=
H ′s
(
p¯±
ρ¯±
)
H ′s
(
p¯±
ρ¯±
)
− 1
≡ Γa
(
p¯±
ρ¯±
)
. (62)
In general, Γa is not constant and is a function of p¯±/ρ¯±. Γa is called the effective adiabatic index.
4 Using Γa, we
obtain the equation of state for the plasma (Koide 2009, 2010) as,
h=n
[
Hs
(
p+∆p
2ρ+
)
m2+
ρ+
+Hs
(
p−∆p
2ρ−
)
m2−
ρ−
]
, (63)
∆h=2n2µm
[
Hs
(
p+∆p
2ρ+
)
m+
ρ+
−Hs
(
p−∆p
2ρ−
)
m−
ρ−
]
, (64)
where
ρ± ≡
[
ρ2 ∓ m∓ρ
e
UνJν −
(m∓
e
)2
JνJν
]1/2
. (65)
When p¯± ≪ ρ¯± or p¯± ≫ ρ¯±, Γa is asymptotically constant (Γa(p¯+/ρ¯+) ≈ Γa(p¯−/ρ¯−)), thus we have (1/T¯ )p˜ = Γaρ˜,
that is,
ρ¯
p¯
p˜
ρ˜
=
ρ¯
p¯
(
dp
dρ
)
=
(
d ln p
d ln ρ
)
= Γa
(
p¯
ρ¯
)
. (66)
In general,
ρ¯
p¯
p˜
ρ˜
= Γa(p¯, ρ¯) depends on both ρ¯ and p¯.
4.1. Longitudinal modes of plasma waves and oscillations
First, we derive a dispersion relation of a longitudinal oscillation modes (U˜ ‖ k, J˜ ‖ k) in an unmagnetized, rest
plasma with uniform, finite pressure p¯. For simplicity, we assume the temperatures of the two fluids are the same:
T¯ = T¯+ = T¯−. Using Equation (5) and the zeroth component of Equation (8), we have γn± = (γρ±m∓ρe/e)/m when
γ = γ+ ≈ γ−. Using these equations, we have
∂γn
∂t
= − 2
m
∇ · (ρU) + µ
e
(∇ · J). (67)
In the present non-relativistic case, γ = 1, we have
∂n
∂t
= − 2
m
∇ · (ρU ) + µ
e
(∇ · J). (68)
If Γa(p¯+/ρ¯+) = Γa(p¯−/ρ¯−) ≡ Γa is uniform and constant, we obtain
∂p˜
∂t
=−2ΓaT¯
[
1
m
∇ · (ρ¯U˜)− ∆µ
2e
(∇ · J˜)
]
, (69)
∂
∂t
∆p˜=−ΓaT¯
e
∇ · J˜ . (70)
We have the linearized equations,
h¯
∂
∂t
U˜ =−∇p˜, (71)
µh¯
(n¯e)2
∂
∂t
J˜ =
1
2n¯e
∇(∆µp˜−∆p˜) + E˜, (72)
J˜ +
∂
∂t
E˜=0. (73)
3 When we consider a fluid element of particle number N , volume V , and enthalpy H, the first law of thermodynamics is dH = d′Q+V dp,
where d′Q is the heat energy from the outside of the fluid and vanishes in the adiabatic case. Using H = hV , N = nV , d′Q = 0, we easily
obtain Equation (61).
4 The polytropic index is given by Npol = (Γa − 1)
−1.
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These equations yield
µh¯
(n¯e)2
∂2
∂t2
J˜ =−∆µΓaT¯
e
∇(∇ · U˜) + ΓaT¯
2n¯e2
(1 + (∆µ)2)∇(∇ · J˜)− J˜ , (74)
h¯
∂2
∂t2
U˜ =
2ΓaT¯ ρ¯
m
∇(∇ · U˜)− ∆µΓaT¯
e
∇(∇ · J˜). (75)
When U˜ vanishes, Equation (74) yields
µh¯
(n¯e)2
ω2J˜ =
ΓaT¯
2n¯e2
(1 + (∆µ)2)k(k · J˜)− J˜ , (76)
Using the condition J˜ ‖ k in the longitudinal mode, we have the dispersion relation,
ω2 =
1− 2µ
µ
c2sk
2 + ω2p, (77)
where cs =
√
Γap
h
=
√
dp
dρ
ρ
h
is the sound speed and ωp =
√
(ne)2
µh
. Note that ωp is related with the electron/ion
plasma frequency and then we call ωp the “unified plasma frequency”. When we take cs = c
0
s =
√
p/h, ω = 0 and
k = i
√
2/λD, we have the “extended Debye length”,
λD =
√
2(1− 2µ)
µ
c0s
ωp
=
√
2(1− 2µ) 1
ωp
√
p
µh
, (78)
which expresses the characteristic length of shielding of the electric field around a electric charge. Using the extended
Debye length, the dispersion relation (77) is written by
ω2 = ω2p
(
1 +
Γa
2
λ2Dk
2
)
. (79)
With respect to the plasma oscillation mode, because J˜ ‖ k and U˜ ‖ k in the longitudinal modes, Equations (74)
and (75) yield
−ω2 µh¯
(n¯e)2
J˜‖=
∆µΓaT¯
e
k2U˜‖ −
ΓaT¯
2n¯e2
(1 + ∆µ2)k2J˜‖ − J˜‖, (80)
−ω2h¯U˜‖=−
2ΓaT¯ ρ¯
m
k2U˜‖ +
∆µΓaT¯
e
k2J˜‖, (81)
where J˜‖ ≡ (J · k)/k and U˜‖ ≡ (U · k)/k, k 6= 0. Then, we get the following dispersion relation,[
ω2 − c
2
s
2µ
(1 + ∆µ2)k2 − ω2p
]
(ω2 − 2c2sk2) =
∆µ2
µ
(csk)
4. (82)
In a case of an electron-ion (normal) plasma (∆µ ≈ 1, µ = me/m ≪ 1), ω ≫ csk/√µ, the dispersion relation
becomes
ω2 =
c2s
2µ
k2 + ω2p. (83)
This expression shows the dispersion relation of the plasma oscillation for the plasma with finite pressure. In the case
of ω2 ≪ ω2p/µ, we have the dispersion relation of sound waves
ω2 = 2c2sk
2. (84)
In a case of a pair plasma (∆µ = 0, µ = 1/4), we have two modes
ω2 = ω2p + 2c
2
sk
2, (85)
and
ω2 = 2c2sk
2. (86)
The former is the dispersion relation of plasma oscillation and the latter is that of the sound wave.
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Next, we investigate the bulk compressional wave of the magnetized plasma. When k ‖ B¯ and U˜ ‖ B¯, the dispersion
relation is the same as that of the non-magnetized plasma wave. Then, we investigate the case of k ⊥ B¯, k ⊥ B˜,
k ‖ U˜ , and ρe = 0. Because ρe = 0, we have ∆p = 0. In the case of k ≪ ωp and ω ≪ ωc, the left-hand side, the first
term and the Hall term of the right-hand side of Ohm law (57) are negligible. Using the linearized equations (56)–(59),
we have the dispersion relation,
ω2 = v2f k
2, (87)
where v2f =
Γap¯+ B¯
2
h¯+ B¯2
is the 3-velocity of the fast wave. It is also noted that vf < 1.
4.2. Transverse wave propagating along magnetic field
We investigate transverse waves propagating through the ideal MHD plasma along the magnetic field lines,
B¯ ‖ k, E˜, B˜, U˜ ‖ k, η = 0. (88)
We assume any perturbation A˜ is proportional to exp(ik · r − iωt). The linearized equations become
−iωh¯U˜ = J˜ × B¯, (89)
−iωµh¯
n¯e
J˜ =(n¯eU˜ −∆µJ˜)× B¯ + n¯eE˜, (90)
ik · E˜=0, ik · B˜ = 0, (91)
−iωB˜=−ik× E¯, J˜ − iωE˜ = ik × B¯. (92)
From these linearized equations, we have
−ω2µh¯
n¯e
✷J˜ = − n¯e
h¯
(✷J˜)B¯2 + iω∆µ(✷J˜)× B¯ − ω2n¯eJ˜ , (93)
where ✷ = ∂ν∂
ν = ω2 − k2 is the d’Alembertian.
When we set the unit basis vector of the z-direction as k = kez, we have B0 = B0ez in the present case. Here, we
make the complex function J˜ ≡ J˜x− iJ˜y which corresponds with the perturbation of the current density J˜ . Equation
(93) is written as
−µh¯
n¯e
ω2(ω2 − k2)J˜ = − n¯e
h¯
(ω2 − k2)J˜ B¯02 +∆µω2(ω2 − k2)(B0J˜ )− n¯eω2J˜ . (94)
Then, we obtain the dispersion relation of the transverse modes,
(ω2 − k2)
(
µh
n2e2
ω2 − ∆µB0
ne
ω − B
2
0
h
)
− ω2 = 0, (95)
that is,
(ω2 − k2)
(
1
ω2p
ω2 − ∆µωc
ω2p
ω − u2A
)
− ω2 = 0, (96)
where uA =
√
B20
h
is the 4-Alfven velocity and ωc =
eB0
µm
ρ
h
. Note that ωc corresponds to the cynclotron frequency,
which we call the “extended cynclotron frequency”. If we set the pressure to be zero, ωc reduces to the cynclotron
frequency of the charged particle with mass m and charge e in the magnetic field B, ωc = eB/m. In general, we have
the relation between the plasma parameters,
ωc
ωp
=
uA√
µ
. (97)
When we consider the limit ω ≫ ωp, ωc, the dispersion relation (96) yields
ω = ±
√
k2 + ω2p +
ΩFR
2
= ω±, (98)
where
ΩFR = ω+ + ω− =
∆µωcω
2
p
k2 + ω2p − (∆µωc)2
≈ ∆µωcω
2
p
k2
(99)
presents the angular velocity of electromagnetic wave polarity of Faraday rotation.
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5. ESTIMATION OF NON-IDEAL MHD TERMS OF GENERALIZED GRMHD EQUATIONS
Here, we summarize a complete system of the generalized GRMHD equations (Equations (19)–(21), and (23)) derived
from the general-relativistic two-fluid equations as
∇ν (ρUν) = 0, (100)
∇ν
[
hUµUν +
µh‡
(ne)2
JµJν +
∆h
2ne
(UµJν + JµUν)
]
= −∇µp+ JνFµν , (101)
UνFµν = η[J
µ − ρ′e(1 + Θ)Uµ] +
∆µ
ne
JνFµν − 1
2ne
∇µ(∆µp−∆p) + µm
ne2
∇νqµν , (102)
ηρ′eΘ = −
∆µ
ne
UρJσFσρ +
1
2ne
Uσ∂σ(∆µp−∆p)− µm
ne2
Uσ∇ρqρσ, (103)
where qµν =
h‡
nm
(UµJν + JµUν) − ∆h
♯
n2em
JµJν +
2∆h
m
eUµUν is a tensor of the electric current. It is noted that
Equations (102) and (103) are not independent because the latter comes from the former.
We evaluate the significance of the non-ideal MHD terms in the generalized GRMHD equations in plasma. We
introduce the “primary (primitive)” parameters of the plasmas as follows. In the SI units, the primary plasma
parameters are written as
ωprmp =
√
ne2
µmǫ0
, ωprmc =
eB
µm
, vprmA =
√
B2
µ0ρ
, cprms =
√
Γa
p
ρ
, (104)
where ǫ0 and µ0 are the electric permeability and magnetic permitivity. Using the primary plasma parameters, we
write the plasma parameters introduced in this paper as
ωp = ω
prm
p
√
frel, ωc = ω
prm
c frel, uA = v
prm
A
√
frel, cs = c
prm
s
√
frel, (105)
where frel = ρ/h ≤ 1 is the relativistic factor of the internal energy of the plasma. The primary plasma parameters
are calculated as
ωprmp =5.64× 106
( n
104cm−3
)1/2(µm
me
)−1/2
s−1, (106)
ωprmc =1.76× 107
(
B
1G
)(
µm
me
)−1
s−1, (107)
vprmA =2.18× 109
(
B
1G
)( n
104cm−3
)−1/2( m
mi
)−1
cm s−1, (108)
cprms =1.05× 109
(
kBT
1010K
)1/2(
m
mi
)−1/2(
Γa
4/3
)1/2
cm s−1. (109)
Using the plasma parameters, we estimate the significance of the non-ideal MHD terms in the generalized GRMHD
equations: the terms of resistive electromotive force, Hall effect, thermo-electromotive force, and current-carrier inertia
in the generalized Ohm law (102) and the energy-stress of electric 4-current density in Equation (101). The left-hand
side of Equation (102) is written as UνFµi = γEi+ǫijkU
jBk. We compare the terms in the right-hand side of Equation
(102) with the term, ǫijkU
jBk. We take the 4-Alfven velocity uA as the characteristic value of 4-velocity of the plasma,
U =
√
U iUi.
In this paper, we consider the normal plasma (ion-electron plasma) and pair plasma (positron-electron plasma) both.
In the case of the normal plasma, we have µm = me and n = ρ/m ≈ niγ′i ≈ ni ≈ ne. In the pair plasma case, we have
µm = me/2 and n = ρ/m ≈ (1/2)(ne+γ′e+ + ne−γ′e−) ≈ ne. Here, we use the condition of mi/me = 1836 ≫ 1, the
charge neutrality (n+ ≈ n−) and γ′+ ≈ γ′− ≈ 1. In both cases, we approximately have n ≈ ne. Then, we have
η =
meν+−
2nee2
=
µmνei
2ne2
ν+−
νei
me
µm
=
µ0c
2νei
2(ωprmp )2
ν+−
νei
me
µm
≈ µ0c
2νie
2ω2p
ν+−
νei
me
µm
, (110)
where ν+− is the collision frequency between the + and − particles and νei is the collision rate between the electrons
and ions (Miyamoto 1987; Miyamoto 1989),
νei =
nie
4 ln Λ
25.8π1/2ǫ20m
1/2
e T
3/2
e
= 8.3× 10−13
(
Te
1010K
)−3/2 ( ne
104cm−3
)
[s−1], (111)
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where lnΛ is the Coulomb logarithm (lnΛ ≈ 20).
We evaluate the significance of the non-ideal MHD terms of the generalized relativistic Ohm law as follows. Here,
we use J ∼ B/(µ0L), U ∼ uA, τ = L/U , and the relation,
ωc
ωp
=
uA√
µ
. (112)
• The electric resistivity term:
Ir = ηJ
UB
=
η
µ0UL
=
1
SM
=
η
µ0uAL
=
1
2
µm
me
νei
ωc
ν+−
νei
1
µωcτ
= fr
1
µωcτ
, (113)
where fr =
1
2
µm
me
ν+−
ωc
. Here, in the normal or pair plasma, we have
µm
me
< 1. Furthermore, in a thin plasma,
like a plasma around a super-massive black hole, we have ν+−ωc < 1 (usually
ν+−
ωc
≪ 1). Then, we usually use
fr < 1.
• The Hall term:
IH =
∆µ
ne JB
UB
=
∆µB/µ0L
neuA
=
∆µuA
Lµωc
= ∆µ
1
µωcτ
= fH
1
µωcτ
, (114)
where fH = ∆µ. In the normal plasma, we have ∆µ = 1 − 2me/2mi < 1. In the pair plasma, we have ∆µ = 0.
We also have fH < 1.
• Thermo-electromotive force term:
Ith =
1
ne
p
L
UB
=
βpB
2/2µ0
neuABL
=
βp
2
1
µωcτ
= fth
1
µωcτ
, (115)
where βp = p/(B
2/2µ0) is the plasma beta and fth = βp/2. In the magnetically dominated plasma, we have
βp . 2. Then, we also have fth . 1.
• Current-carrier inertia term:
Icci =
µh‡
(ne)2
JU
L
UB
=
µh‡
(ne)2L2µ0
= µ
h‡
h
1
(µωcτ)2
=
h‡
h
1
(
√
µωcτ)2
=
(
fcci
1√
µωcτ
)2
, (116)
where fcci =
√
h‡/h =
√
1−∆µ∆h/h. When the plasma temperature is not relativistic, we have fcci ∼ 1.
However, when the plasma temperature is relativistic, fcci may become ∼ 1/√µ, maximumly.
We also evaluate the significance of the non-ideal MHD term of the momentum equation (101). The non-ideal MHD
term of Equation (101) is the second and third terms in the bracket of the left-hand side of Equation (101), which is
the energy-stress tensor due to the current-carrier inertia.
• Energy-stress tensor due to the current-carrier inertia on the momentum equation (101):
Imeqcci =
µh‡
(ne)2
JJ
L
UU
= µ
h‡
h
(
B/µ0L
neuA
)2
= µ
h‡
h
(
B
ω2puAL
)2
=
h‡
h
(
c
ωpL
)2
=
(√
h‡
h
c
ωpL
)2
=
(
fcci
c
ωpL
)2
.
(117)
When we use U = L/τ ∼ uA and Equation (112), we have
Imeqcci =
(
fcci
c
ωpuAτ
)2
=
(
fcci
1√
µωcτ
)2
= IOhmcci . (118)
We found the non-ideal MHD conditions of the current-carrier inertia term of the generalized Ohm law and the
generalized momentum equation are identical. Then, we use the characteristic scale of non-ideal MHD effect due
to current-carrier inertia of the generalized Ohm law.
According to the above estimation, we conclude that the non-ideal MHD effects are the resistive electromotive force
, Hall effect, thermo-electromotive force, and current-carrier inertia. With respect to the three former effects, putting
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aside the details of the factors fr, fH, fth . 1, we have the characteristic time scale
5
τOhmc ≡
1
µωc
. (119)
With respect to the current-carrier inertia terms, putting aside the detail of the factor fcci, we have the characteristic
time scale
τcci ≡ 1√
µωc
=
√
µτOhmc . (120)
It is noted that τOhmc gives more severe condition of the non-ideal MHD effects than τcci because of τcci =
√
µτOhmc <
τOhmc .
The characteristic length scales of the non-ideal MHD effects are 6
LOhmc =uAτ
Ohm
c =
uA
µωc
=
c√
µωp
=
1√
µ
ls, (121)
Lcci=uAτcci =
uA√
µωc
=
c
ωp
= ls, (122)
where ls =
c
ωp
is the plasma skin depth. Here, we also have Lcci =
√
µLOhmc < L
Ohm
c and L
Ohm
c gives more severe
condition of the non-ideal MHD effects than Lcci. Then, to confirm that non-ideal MHD terms are all negligible, we
just investigate both τOhmc and L
Ohm
c are much smaller than the time and length scales of the plasma phenomena τ
and L (τ ≫ τOhmc , L ≫ LOhmc ) because the factors (fr, fH, fth, fcci) are usually equal to or less than unity. When
τOhmc & τ or L
Ohm
c & L, it is possible that τcci ≪ τ or Lcci ≪ L for normal plasma because
√
µ = 1/
√
1836 = 1/42.8 for
normal plasma. In such case, we neglect the current-carrier inertia terms of the generalized Ohm law and momentum
equations, while the resistive term, Hall effect, or thermo-electromotive force are significant. Otherwise, that is τ . τcci
and L . Lcci, all of non-ideal MHD effects are significant if the factors are nearly equal to unity (fr, fH, fth, fcci ∼ 1).
It is noted that the finite resistivity may causes the magnetic reconnection and drastic phenomena even if the term
is much smaller than the term of U ×B. Then, we have to take into account the electric resistive term even if SM is
much larger than unity. Furthermore, it is noted that current-carrier inertia also may causes the magnetic reconnection
(Hirota et al. 2013, 2015).
For estimation of the variables of plasmas around these black holes, we have to give the black hole massMBH, plasma
density ρ, and magnetic field B of the plasma. We had been have no direct observation of them around any black
holes before the observation of the EHT Collaboration (EHT Collaboration 2019a,b). Now, we employed the data
set of MBH, accretion rate M˙ , ρ, temperature T , and B in the accretion disks of M87* from the EHT Collaboration
results. Using the EHT observation data, we check the characteristic scales of non-ideal MHD effects, τOhmc = 1/(µωc)
and LOhmc = ls/
√
µ = c/(
√
µωp) on the plasma in M87*. Here, we assume the plasma observed by EHT is normal
plasma (∆µ = 0 and µ = 1/1836). EHT Collaboration (2019b) reported that the observation of M87* is explained by
a simple, spherical, one-zone model for the source as
ne=2.9× 104
(
r
5rg
)−1.3
β0.62p
(
Ti
3Te
)−0.47
[cm−3], (123)
B=4.9
(
r
5rg
)−0.63
β−0.19p
(
Ti
3Te
)−0.14
[G], (124)
Ti=0.202× 1012
(
r
5rg
)
[K]. (125)
First, we evaluate the plasma parameters at r = 5rg in the model for example. At r = 5rg, we have f = ρ/h ≈ 1,
ωc ≈ ωprmc = 8.6 × 107s−1, uA ≈ vprmA = 2.8 × 109cm s−1, ωp ≈ ωprmp = 9.6 × 106s−1, cs ≈ cprmc = 4.9 × 109cm s−1,
νei = 1.2×10−12s−1. Then, we found the characteristic scales of the non-ideal MHD phenomena as τOhmc = 1/(µωc) =
5.0× 10−5 s and LOhmc = 1.3× 103m. Considering the spatial dependence on characteristic scales: τOhmc = 1/(µωc) ∝
5 The more precise characteristic time scale of resistive, Hall, thermo-electromotive force, and current-carrier inertia effects are given by
τr = frτOhmc , τH = fHτ
Ohm
c , τth = fthτ
Ohm
c , and τcci = fcciτ
Ohm
c , respectively.
6 The more precise characteristic length scale of resistive, Hall, thermo-electromotive force, and current-carrier inertia effects are given
by Lr = frLOhmc , LH = fHL
Ohm
c , Lth = fthL
Ohm
c , and Lcci = fcciL
Ohm
c , respectively.
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B−1f−1rel ∝ r6.3β0.11p (Ti/Te)0.14f−1rel , LOhmc = c/(
√
µωp) ∝ n−1/2f−1/2rel ∝ r0.65β−0.31p (Ti/Te)0.24f−1/2rel , we have
τOhmc =
1
µωc
= 5.0× 10−5
(
r
5rg
)063
β0.11p
(
Ti
Te
)0.14
f−1rel [s], (126)
LOhmc =
c√
µωp
= 1.3× 103
(
r
5rg
)0.65(
Ti
Te
)0.24
f
−1/2
rel [m]. (127)
These scales become larger as the outer region becomes far from the black hole.
Incidentally, we note that the extended Debye length of the plasma is λD =
1√
µ
c0s
ωp
=
√
(1− 2µ)βp uA√
µωp
∼ 8.4
cm where we calculate βp ∼ 0.84 at r = 5rg. The particle number in the Debye sphere of a charged particle,
ND =
4π
3
λ3Dn = 7× 107, is much greater than unity and the plasma has collective property as a plasma.
As an example of the minimum of the characteristic scales of phenomena of plasmas (L and τ) around the black holes,
we consider the current sheet which causes the magnetic reconnection in the accretion disk around the black hole. The
minimum scales of the magnetic reconnection are roughly estimated by the thickness of the current sheet LCS, which
is calculated by the minimum scale of the magnetorotational instability (MRI), LCS ∼ λMRI = 4
√
2
3
vA
Ω
(see Chapter 8
in Shibata et al. (1999) or Chapter 4 in Tajima & Shibata (2002)). Here, Ω =
√
GMBH/r3 = c/
√
2rS(r/rS)
−3/2 is the
angular velocity of the disk and vA =
√
B2/µ0ρ is the Alfven velocity; Ω ≈
√
GMBH/r3 > c/rS. The Alfven transit
time of the current sheet is given by τA = LCS/vA = 8/
√
3τS(r/rS)
3/2, where τS = rS/c is the Schwarzschild transit
time. From the M87* observation by EHT, we have MBH = 6.5 × 109M⊙ and rS = 1.9 × 1015 cm, τS = 6.3 × 104 s.
The thickness of the current sheet is calculated as
LCS =
8√
3
(
r
rS
)3/2
vA
c
rS = 7.5× 1015
(
r
5rg
)1.52
[cm]. (128)
The values of the spatial and temporal scales, LCS and τA are much larger than the critical variables, τ
Ohm
c = τ
Ohm
cci /
√
µ
and LOhmc = L
Ohm
cci /
√
µ, respectively. This suggests the validity of the resistive GRMHD equations in the phenomena
in the reconnection regions around the black holes.
6. SUMMARY
In this paper, we determined the Θ term of the generalized relativistic Ohm law, which had not been determined in
our previous works (Koide 2008, 2009, 2010). We have now obtained a explicitly closed system of generalized GRMHD
equations and evaluated the terms of the non-ideal MHD effects in these equations (Equations (101) and (102)). There
are two main characteristic scales of the non-ideal MHD effects with respect to time and length. These scales come
from the generalized Ohm law (102) and are given by τOhmc = 1/(µωc) and L
Ohm
c = c/(
√
µωp). In more detail, the
additional characteristic time and length scales come from current-carrier inertia both in the generalized Ohm law
and the momentum equation and are given by τcci =
√
µτOhmc and Lcci =
√
µLOhmc , which are smaller by a factor√
µ ≤ 1/2 than τOhmc and LOhmc , respectively. We evaluated the additional terms of the generalized relativistic Ohm
law with the plasma parameters (Ti, ne, and B) obtained by EHT observations of M87* and found that the additional
terms of resistive electromotive force, Hall effect, thermo-electromotive force, and the current-carrier (electron) inertia
effect are negligible compared to the U ×B term of the generalized relativistic Ohm law for global-scale phenomena
around the black hole, whose characteristic length scale is given by LCS ∼ rS.
While the resistive term is negligible in the global phenomena around the black hole, the magnetic reconnection
has been suggested to occur frequently in black-hole magnetospheres by a number of ideal GRMHD simulations
(Koide et al. 2000, 2006; McKinney 2006). However, it should be emphasized that magnetic reconnection in the ideal
GRMHD simulations is caused by numerical resistivity; this resistivity often results in fatal error for the numerical re-
sults and should be avoided. To perform GRMHD simulations of magnetic reconnection around a black hole without nu-
merical resistivity, we must develop a highly accurate resistive GRMHD code. Recently, Inda-Koide, Koide, & Morino
(2019) performed resistive GRMHD simulations of the magnetic reconnection around a black hole with a simple mag-
netic configuration and relativity small Reynolds number (SM ∼ 104). This work was the first resistive GRMHD
simulation of magnetic reconnection around a black hole; however, the Reynolds number was not sufficiently large and
the magnetic configuration was too simple to apply the results to astrophysical objects. To perform simulations with a
suitably high magnetic Reynolds number and a magnetic configuration appropriate for the astrophysical situation, we
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require the advanced numerical technique of an implicit method with high accuracy (Bucciantini & Del Zanna 2013;
Tomei et al. 2020).
On the other hand, explosive magnetic reconnection in a collisionless plasma has been proposed actually using the
generalized Ohm law (Hirota et al. 2013, 2015). The current-carrier inertia (electron inertia) term plays an important
role in the explosive magnetic reconnection model. Comisso & Asenjo (2014) found similar magnetic reconnection
with the generalized relativistic MHD equations given by Koide (2009). The normalized reconnection rate was given
by
vin
c
∼
√
1
S
+
1
4f
ls
L
, (129)
where vin is the inflow velocity of plasma toward the reconnection region. The first term in the square root on the
right-hand side represents the magnetic-reconnection rate of the Sweet-Parker reconnection model, in which electric
resistivity causes the reconnection. The second term in the square root represents the rate of the reconnection due
to current-carrier (electron) inertia. The ratio of the first and second terms for the relativistic magnetic reconnection
(uA ∼ c) is calculated as
1
4f
ls
L
1
S
=
µ0uAls
4fη
=
µ0uAc
4fωc
2ωp
µ0c2ν+−
µm
me
=
uA
2fc
µm
me
ωp
ν+−
∼ uA
c
ωp
ν+−
≫ 1. (130)
The magnetic reconnection due to the effect of current-carrier inertia would be significant compared to resistive
magnetic reconnection. To confirm this explosive reconnection, a numerical simulation of the generalized GRMHD is
required.
In this paper, we used a simple 1-D model (Equations (123)–(125)) based on the EHT observation of M87*
(EHT Collaboration 2019b) to evaluate the significance of the non-ideal MHD effect in the surrounding plasma. Using
this simple model, we concluded that the ideal GRMHD approximation works well for the global phenomena of plasma
around M87*. However, the plasmas around M87* are actually complex, since the region is composed of the torus,
the accretion disk, the corona, the outflow (wind), and the jet. The 1-D model is too simplistic to grasp the detailed
plasma behavior around the black hole. We must improve the significance evaluation of the non-ideal MHD effect
based on a forthcoming, more actual model taken from EHT observations of not only M87*, but also of Sgr A*. It is
worth continuing to check the significance of the non-ideal MHD effect, because it would change the plasma dynamics
drastically from the results of ideal GRMHD simulations.
Numerical simulation of the generalized GRMHD is necessary to confirm and reveal the specific phenomena caused
by non-ideal MHD effects. The equations of state (74) and (75) with respect to h and ∆h in Koide (2009) provide
closure to the generalized GRMHD equations (100)-(103). Such numerical calculation is possible in principle, although
it becomes drastically difficult compared to the ideal GRMHD simulations. This is because we have to treat the
displacement current ∂E/∂t in Ampere’s law and the inertia of the current density [µm/(ne2)]∂[{h‡/(nm)}J ]/∂t
in the generalized Ohm law explicitly. In the ideal GRMHD calculations, the former is implicitly accounted for
and the latter can be neglected entirely. Furthermore, we have to consider the zeroth component of Ohm law to
calculate the enthalpy-density difference, ∆h, of relativistically hot plasmas around the black hole. Thus, appropriate
simplifications of the generalized GRMHD equations, especially of Ohm law, are required for adequate numerical
study. For this simplification, the characteristic scales of the non-ideal MHD phenomena will provide a basic guide.
The adjust closed system of the generalized GRMHD equations will play a significant role in forthcoming numerical
simulations of magnetized plasmas around the black hole in the new era with the EHT observations.
I am grateful to Mika Koide and Shohei Sakai for their helpful comments on this paper.
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APPENDIX
A. DERIVATION OF 3+1 FORMALISM OF DIVERGENCE OF SYMMETRIC TENSOR
We derive 3 + 1 formalism of divergence of symmetric tensor, ∇νT µν = Fµ.
The 4-acceleration of the normal frame is given by aµ = Nµ;νN
ν and we have
aµ = (−αNk(lnα),k, (lnα),i), aµ = (0, γik(lnα),k), (A1)
where the subscript “,” denotes the partial derivative ∂/∂xi. Using the projection tensor to the time constant hy-
persurface Pαβ = gαβ + NαNβ, we define the extrinsic curvature tensor by Kij ≡ −Pµi Pνj Nµ;ν = −Ni;j, where the
subscript “;” denotes the covariant derivative ∇i. In the stationary spacetime (γij,t = 0), we have
Kij = − 1
2α
[γij,t +∇i(αNj) +∇j(αNi)] = − 1
2α
[γkj(αN
k),i + γik(αN
k),j + γij,kαN
k]. (A2)
Using the normal vector of the hypersurface of time constant Nµ and projection tensor toward the hypersurface
Pµν , we separate the 4-vector Fµ into temporal and spatial components:
F˜ † ≡ −FµNµ = −T µν;ν Nµ, (A3)
F˜i ≡ FµPiµ = T µν ;νPiµ. (A4)
Note that F˜ † and F˜µ reproduce Fµ as
Fµ = F˜ †Nµ + F˜µ. (A5)
Equation (A3) yields the scalar-like equation such as the energy conservation law and Equation (A4) yields the 3-vector
conservation equation such as the momentum conservation law. Similarly, when we separate T µν into
u˜ = T ρσNρNσ, (A6)
S˜µ= −T ρσPµρNσ, (A7)
T˜µν = T
ρσPµρPνσ. (A8)
Here, we found
T µν = u˜NµNν + S˜µNν +NµS˜ν + T˜ µν, (A9)
and u˜ = T 0˜0˜, S˜i = T
0˜
i˜
, T˜ij = Ti˜j˜ , F˜
† = F 0˜, F˜i = Fi˜. Equation (A3) is written by
F˜ † = −(T µνNµ);ν + T µνNµ;ν = − 1√−g (
√−gT µνNν),µ + T µνNµ;ν . (A10)
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Using aµ = Nµ;νN
ν , Kij = −Ni;j , √−g = α√γ, and Equation (A9), we have
F˜ † =
1
α
√
γ
(
√
γu˜),t +
1
α
√
γ
[α
√
γ(S˜k +Nku˜)],k + (lnα),iS˜
i −Kij T˜ ij. (A11)
Multiplying by α, we obtain
αF˜ † =
1√
γ
∂
∂t
(
√
γu˜) +
1√
γ
∂
∂xk
[α
√
γ(S˜k + u˜Nk)] +
∂α
∂xi
S˜i −KijT˜ ij . (A12)
When we use αKij T˜
ij =
[
γjk
∂
∂xi
(αNk) +
1
2
αNk
∂γij
∂xk
]
T˜ ij, we get
αF˜ † =
∂
∂t
u˜+
1√
γ
∂
∂xi
[α
√
γ(S˜i +N iu˜)] +
∂α
∂xi
S˜i
+
[
γjk
∂
∂xi
(αNk) +
1
2
αNk
∂γij
∂xk
]
T˜ ij. (A13)
With respect to Equation (A4), we have
F˜i = T
ν
i;ν =
1√−g (
√−gT νi ),ν −
1
2
gαβ,iT
αβ. (A14)
Using aµ = Nµ;νN
ν ,
√−g = α√γ, and Equation (A9), we get
F˜i =
1
α
√
γ
(
√
γS˜i),t +
1
α
√
γ
[α
√
γ(T˜ ki +N
kSi)],k + u˜(lnα),i +
1
α
(αNk),iS˜k − 1
2
γkl,iT˜
kl. (A15)
Multiplying by α, we obtain
αF˜i =
∂
∂t
S˜i +
1√
γ
∂
∂xk
[α
√
γ(T˜ ki +N
kS˜i)] +
∂α
∂xi
u˜+
∂
∂xi
(αNk)S˜k − α
2
∂γjk
∂xi
T˜ jk. (A16)
Furthermore, using 3-covariant derivative, which is given by (3)∇kAki =
1√
γ
∂k(
√
γAki ) − (3)ΓkijAjk for a 3-tensor Aki ,
we have
αF˜i =
∂
∂t
S˜i +
(3)∇k[α(T˜ ki + S˜iNk)] + u˜ ∂α
∂xi
− S˜k (3)∇i(αNk). (A17)
